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Abstract 
In this paper, we consider total clique covers and intersection numbers on multifamilies. We 
determine the antichain intersection numbers of graphs in terms of total clique covers. From this 
result and some properties of intersection graphs on multifamilies, we determine the antichain 
intersection numbers of 3-, 4-, j-regular graphs and some special graphs. 
1. Introduction 
In this paper, we consider finite undirected simple graphs. For a graph G, V(G) and 
E(G) denote the set of vertices and the set of edges of G, respectively. Also p, q denote 
the cardinalities of V(G) and E(G), respectively. For a vertex v, the neighborhood of v is 
denoted by N(v) and is the set of vertices which are adjacent to v. For a vertex set C, 
N(C) denotes the set of vertices which are adjacent to vertices of C and do not belong 
to C and is called the neighborhood of C. For an edge subset S c E(G), (S), denotes 
the subgraph generated by S and for a vertex subset S s V(G), (S), denotes the 
subgraph generated by S. We denote the set { 1,2, . . . , n} by [n], the family of all 
subsets of [n] by 2[“] and the family of all k-element subsets of [n] by ([:I). Let 
8={S1,Sz, . . . , S,} be a family of distinct nonempty subsets of a set X. Then S(9) 
denotes the union of sets in 9. The intersection graph of 9 is denoted by Q(9) and 
defined by V(Q(9)) = 9, with Si and Sj adjacent whenever i #j and Sin Sj # 8. Then 
a graph G is an intersection graph on 9 if there exists a family 9 such that G z Q(F). 
The intersection number w(G) of a given graph G is the minimum cardinality of a set 
S(9) such that G is an intersection graph on 9. In this paper, we deal with 
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intersection graphs on antichains, i.e. the Sperner families. As is the case with families, 
we can define antichain intersection graphs and antichain intersection numbers W,,(G). 
We have some results on the relations between graphs and antichains [S, 61. For 
example, complete graphs, complete bipartite graphs and complete n-partite graphs 
correspond to the intersecting Sperner families, Latin squares and mutually ortho- 
gonal Latin squares, respectively [2,6]. The antichain intersection numbers of com- 
plete graphs and complete n-partite graphs do not contribute to calculations of the 
antichain intersection numbers of other graphs. However, the antichain intersection 
numbers of K,+NI are used for estimating the antichain intersection numbers of 
many graphs, where the null graph N, of order 1 is the graph, with 1 vertices and no 
edges. In Section 4, we classify graphs by configuration of subgraphs isomorphic to 
K, + N, and determine the antichain intersection numbers of those graphs. 
In [7], we consider multifamilies of nonempty subsets of a set X, namely, its 
elements need not be distinct, and define intersection graphs with respect to multi- 
families and intersection numbers with respect to multifamilies o,(G), as is the case with 
families. In [7], we obtain that 
w,(G)= min 191 
%: kc of G 
for a graph G, where for a graph G, 9 = (Qr, . . . , Q,,} is a total clique cover (tee) if and 
only if each Qi is a complete subgraph of G, (Jr= I V(Qi) = V(G) and (Jl= i E(Q,)= E(G). 
In Section 2, we determine the antichain intersection number of a graph in terms of 
tee. Then for the complete graph K,, 
oai(K,)=l if(r$i+ll <P< [[;~+l~andc&,(KP)=l. 
However, for the complete bipartite graph K (p, p) E G, w,i(G) = O,(G) = p2. In gen- 
eral, w,(G) < O,i(G) < o,(G) + 1 V(G) I. We also consider the differences between 
o,,(G) and w,(G) and structures of graphs which lead to those differences. By these 
structures, in Sections 3 and 4, we consider the antichain intersection numbers of 
regular graphs. Terminology and notation of combinatorics and graph theory can be 
found in [l, 4, 81. 
2. Antichain intersection numbers 
We use several notations throughout the article. A capital S with a subscript, say 
Si, denotes a subset of a fixed underlying nonempty set X. For a family 
F={(si, Sz, . . ,SP}, such that lJ!=‘=, Si={al, a2, . . ,a,,}, we denote A.g(ai)={SjlaiESj} 
(or A(ai)). Similarly, for a tee 9 = { Qr , . . . , Qn} of a graph G, put So = { Qi 1 VE V(Qi)} 
(or S(v)), n(L2)=l2?[ and i(L2)=[ {S(v) I(3u#v)(S,(v)~S,(u))} I. 
Total clique covers and regular graphs 301 
If GzSZ(F), then every Q(ai)=S2(A,(ai)) is a clique of G and 
~(~)={Q(a~),...,Q(a,)}isatotalcliquecoverofG.Conversely,let9={Q,,...,Q,} 
be a total clique cover of G, then F(3!)={SY(v)I UEV(G)} satisfies S2(F(9!))rG. 
Therefore, we can identify an element Ui with a clique Qi, and {Sri(v) 1 VE V(G)} with 
B according to correspondences shown above. In the following we often abuse these 
identification without any mention. By these facts, we obtain that 
o,(G)= min 19) 
3 1cc of G 
for a graph G and the following result, 
Theorem 2.1. For a graph G, O,i(G) = min,:,,, Of G { n(9) + i(l)}. 
Proof. Let F = { S1, Sz, , S,j be an antichain of nonempty subsets of a set X 
such that G(F)rG, S(4)=(a,, . . . ,a,,) and n-o,,(G). Let A(Ui)=(Sj/UiESj>, 
Q(ai)=~(A(ai)X ~!(~:)={Q(ul),...,Q(u,)}, S,,,,(u) = {Q(ai)Iu~Q(ai)} and 
NZ(3(~))=~(~)-{Q(Ui)I(3j#i) (Q(Ui)cQ(Uj))}. Then NZ(2(F)) is a tee of G and 
S2(9?)r G, where .@= (SNr(,(,F,,(u)I UE V(G)) and SNI(I(Fjj(~)= (Q(ui)j v~Q(Ui) 
ENZ(%(F))} for all UEV(G). If 9 is not an antichain, i.e. there exists SN,(I(.fijI(~) 
such that SNI(d&~) is included or equal to another SNI(9(Sjj(~), then 
Sq(,~)(t’)-SSNI(I(.~))(~)= {Q(ui)>, where Q(ai)EJ?(F)-NZ(%(F)), since 9 is an an- 
tichain and IS(F))/ is the minimum. Thus 
o,i(G)=INZ(~(B))I+I~(~)-NZ(2(~))I>, min {n(9)+i(9)}. 
1: ,CC of G 
If 9 is an antichain, then by the minimality of I S(9) 1, {Q(Ui) I (3j#i) 
(Q(ui)EQ(Uj))}=~ and J!(F)-NZ(9(F))=O. Thus, 
~~~(G)=~NZ(~(~))~+~~(~)-NZ(~(~))~ 3 min (~(_%?)+i(3!)}. 
1: 1cc of G 
Conversely,let 2={Q1,...,Q,} b e a tee of G. We define that S(u)= (Qi I UE V(Qi)) 
for any UE V(G), Z(9?)={S(u)l(3u#v) (S(0) L S(u))}, S’(v)=S(u)u(u(v)} for all 
S(V)EZ(~) and F($)=({S(v) I v~f’(G)j-Z(2))u{S’(u)/ S(U)EZ(~)}. Then F(9) is an 
antichain, Q(P(2))r G and 
I4+II(J)l29: min {n(??)+i@?))>c~~,~(G). 0 
ktccof G 
By Theorem 2. I, we are now in a position to give numerous examples of antichain 
intersection numbers. 
Example 2.2. A pendant triangle of a graph G is a triangle having at least two vertices 
of degree two. If all of the triangles of a graph are pendant triangles, then each 
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maximal complete subgraph is either a Kz (i.e. an edge) or a pendant triangle; also for 
such a graph, if u and u are vertices satisfying the condition S(u) E S(u) (with respect to 
the tee consisting of all maximal complete subgraphs), then u either has degree one or 
is in a pendant triangle. Therefore, a connected graph G with p B 4 vertices, pi degree- 
one vertices and q edges satisfies o,i(G)=q+pl if and only if every triangle of G is 
a pendant triangle [S]. 
Example 2.3. Erdiis et al. [3] prove the following result: Any connected graph with 
p k 2 vertices can be covered by at most L p2/41 complete subgraphs. By this result and 
Example 2.2, 
W,i(G) d 
2~2 (3<pd6), 
LP2/4J (76P), 
for a connected graph G with p > 3 vertices [S]. 
Example 2.4. Let G be a 2-cell embeddable graph with p ( 3 4) vertices whose regions 
are triangles. Then no two regions of G have the same boundary. A covering of the 
dual graph G* corresponds to a tee of G. By this fact, we have the following result: 
~m(G)d~ai(G)dfl(G*)=I V(G*)I-a(G*)< (l-&))“I V(G*)L 
where G * is the dual graph of G, b(G*) is the covering number of G*, a(G*) is the 
stable number of G* and x(G*) is the chromatic number of G*. 
Example 2.5. For a connected maximal plane graph G other than K4, 
a(G*)>l V(G*)1/3 and I V(G *) ) = 2 x ) V(G) I- 4. Hence, by Example 2.4, 
o,(G)<w,,(G)<~ x (I V(G)1 -2). If G is also an Euler graph, then G* is 2-colorable, 
and Example 2.4 then implies 
w,(G)<o,i(G)<l V(G)I-2. 
We next consider some structural matters which we need for our main results in 
Sections 3 and 4. 
Proposition 2.6. Let G be a connected graph and 9 = (S(u) ) UE V(G)} be a multifamily 
such that f2(9)r G and I S(9) I = o,(G). For vertices u and u with S(u) c S(u), u and 
u are adjacent and N(u)- {u} c N(o)-(u). 
Proof. Let S(U) = { aI, . . . , aI} E S(u). Since each ai is a clique containing u and u, there 
exists an edge joining u and v. Since S(u) is a tee of (N(u) u {u} ) V and a subset of S(u) 
which is a tee of (N(o)u {u))“, N(u)- {u} GN(u)- {u}. 0 
The graph G of Fig. 1 shows that the converse of Proposition 2.6 does not hold. For 
vertices u and u, N(u)-(u) cN(u)-{u}, but S(U) $Z S(u) in the minimal tee 
~={QI={~,u,wI,wz}, Qz={~,wz,wg), Q3={u,w2,wj,w4}}. 
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Fig. 1. 
However, adding a condition to the consequence of the proposition, its converse 
becomes true. The next results give a class of graphs satisfying the condition. An 
independent set in a graph G is a set of vertices of G, no two of which are adjacent. 
Proposition 2.7. Let G be a connected graph and .9={S(u)lu~V(G)) such that 
Q(P)rG and 1 UsCvJEs S(v)I=l{ul, . . . . u,)l=o,(G). For vertices u and u, such that 
N(u)-(u) and N(u)-(u) are both independent sets, u and u are adjacent and 
N(u)--(u) cN(u)-{u} ifund only ifS(u)~S(u). 
Proof. Since the sufficiency is true by Proposition 2.6, we show the necessity. If 
S(U) $ S(u), there exists a clique Q which belongs to S(U)-S(u). Since N(u)- {u} is an 
independent set, Q = {u, w} and won- {u} L N(v)- {u}. Thus, there exists either 
a clique A, = {u, w} or a clique AZ = {u, u, w} in (al,. . . , a,}. Then, in the former case 
({a,>...>an)-_(Q, 11 1 21 A u A istccofGandinthelatter{u,,...,u,}-{Q}istccof 
G, which is a contradiction to the minimality of the multifamily F. 0 
Corollary 2.8. Let G be a connected graph and B = {S(u) 1 UE V(G)} such that 52(9)~ G 
und I US(“)E.F S(u) I= o,(G). For vertices u and v such that N(u) - (v} and N(v) - {u} are 
both independent sets, u and v are adjacent and N(u)- {v} = N(u)- {u} if and only if 
S(u) = S(v). 
For a graph G, we denote the edge set ({u, v}EE(G)I N(u)-(v}sN(u)-{u}) and 
{{u, u}EE(G) I N(u)- {u} = N(v)- (u}} by E,(G) and E,(G), respectively. We have the 
following facts about the edge sets E,(G) and Es(G). 
Remark. For a graph G, 
(1) each component of (E,(G)), is a comparability graph, and 
(2) each component of (Es(G)), is a complete graph. 
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3. Regular graphs 
For a regular graph G, a multifamily 9 = {S(u) 1 UE V(G)} such that sZ(9)~ G and 
S(v) 1 =0,(G), if vertices u and v are adjacent and N(u)- {u} c N(u)- (u}, then 
$;:;O)=N(u)-{ } u , i.e. E,(G) = 0. Hence, we concentrate on graphs with E,(G) = 0, 
toward determining mai when G is regular and &-free. 
The propositions and remarks of Section 2 show the following fact. A subgraph of 
G such that V(G)=CuN(C), where all the vertices of C correspond to the same set 
S(u), is isomorphic to K, + NI. We can see easily that w,(K, + N,) = 1. However, it is 
not easy to get the value of wai(K, +N[). Consider the following family: 
{SI, . . ,S,,&, . . . ,L,} such that for each Sit Lj G [n], Sin Sj # 0, Sin Lj # 0, Si $ Sj, 
Li n Lj = 0 and uf= r Li = [n]. Then K, + NI is the intersection graph of this family, 
where Si corresponds to a vertex of K, and Li corresponds to a vertex of N,. We 
denote the minimal size n with respect to the antichain P= {Si s [n] 
(i=l,...,m)ISinSj#@, Si n Lj #@, Si $ Sj} by m,i(1, m). We regret that we do not 
know the value of mai(2, m). However, we have the following result based on the value 
mai(l, m). We call the antichain F whose cardinality is m,i(l, m) the standard antichain. 
Proposition 3.1. Let G be a connected graph with E,(G)=@ and C1 , . . . , Ck be compo- 
nents of (Es(G)),. If there exist no edges joining vertices of Ci and vertices of Cj for any 
Ci and Cj (i #j) and (N(C,))V is a union of li complete graphs c(~, 1, . . . , Cli, I, for any Ci, 
then o,i(G)=w,(G)+CT= 1 ai, where mi=l V(Ci)/ and ui=m,i(li, mi)-li. 
Proof. Let Z?={Qr, . . . , Qn} be a tee of G such that 
)J!I= min (91, S(U)={QiIVEV(Qi)} for any VEV(G) 
8: tCC of G 
and P(9)= (S(u) I VE V(G)}. We replace S(v) by 
((S(u)F{Q(Cit, u) (t’ 1, ... ,r)>) (_I (IJ:=l L(ait,j,, 0)) 
S’(v)= 
if VeN(Ci,), . . . , N(Ci,.) and uEf’(ail,jl), ... , v(ai,,j,), 
S(Ci,V) if UE V(Ci), 
\ S(o) otherwise, 
where Q(Ci, u) are cliques of 9 which contain v and vertices of CL, L(ail,j,,u) and 
S(Ci, u) correspond to a set Li,, j, and a set of the standard family whose cardinality is 
mi, respectively. Then 9-‘= (S’(u) I UE V(G)} is an antichain and its intersection graph 
is G. Thus, 
oai(G)<w,(G)+ i (m,i(li, mi)-li)=wm(G)+ i 4. 
i=l i=l 
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Let F= (S(u) 1 UE V(G)} be an antichain such that Q(F)gG and 
IS(~)I=I{U~,...,U,}I=~,~(G). Noting that each (CiuN(Ci)>V contains 
Klv(cijl +NI, as an induced subgraph, we need mai(li, mi) elements for each 
(CiuN(Ci)),. We replace S(v) by 
S’(u) = 
(~(u)~u(S(u)l~~V(~i~)u~~~~~~~(~i~)})~{ai~,j~~~~~~ai~,j~}~ 
if uEN(Ci,), . . ,N(Cir) and UEV(N~~,~,), . . . , I/(“i~,j~) 
where each ai,j 
is a multifamily 
from 9 ‘, 
[S(v) otherwise, 
is a complete subgraph (CiUcCi,j)v. Then F’= {S’(U) 1 UE V(G)} 
and its intersection graph is G. Since we can define a tee 9(9’) 
k k 
mai( 1 Ii- C mai(li, mi)>l2(S’)I >um(G). 
i=l i=l 
Thus, w,i(G)3o,(G)+C1=, ai. 0 
Corollary 3.2. Let G be a connected graph with I V(G) 12 3. ZfE,(G) =@, all components 
of (Es(G))E are K;s and N(u)-{u}=N(u)-(uj is an independent set for every 
{u, u)EE,(G), then w,i(G)=o,(G)+lEs(G)l+/E~,(G)l, where &,(G)=({u,u) 
~E(WlN(+{u)l=l N(+_(u)l=l$. 
Proof. By ‘the hypothesis of corollary, for each component of Es(G)- E,,(G) and 
E,,(G), a, is 1 and 2, respectively. Thus, 
~ai(G)lEs(G)-E~t(G)l 
=w,(G)+ c 1+2xIE,,(G)I=~,(G)+IEs(G)I+IEs,(G)I, 
i=l 
by Proposition 3.1. 0 
Corollary 3.3. Let G be a connected K4-jkee r-regular graph with / V(G)1 24 (r>3). 
Then W,i(G)=W,(G)+ I E,(G) I. 
Proof. Since G is a connected K,-free regular graph with I V(G)/ 24, G satisfies the 
conditions of Corollary 3.2. By r > 3, E,,(G)=@. SO O,i(G)=O,(G)+ I Es(G) I. 0 
4. 3-, 4- and Sregular graphs 
In this section, we consider the intersection number of regular graphs. Connected 
l- and 2-regular graphs are Kz and cycles, respectively. So we can easily obtain their 
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antichain intersection numbers and intersection numbers with respect to multi- 
families. Namely, for a l-regular connected graph, the antichain intersection number 
is 3 and the intersection number with respect to multifamilies is 1. For a 2-regular 
graph other than K,, both the antichain intersection number and the intersection 
number with respect to multifamilies are equal to the number of its edges. Next, we 
consider 3-, 4- and Sregular graphs. 
We classify regular graphs in terms of configurations of subgraphs isomorphic 
to K, + N, and determine the antichain intersection numbers of 3-, 4- and 5-regular 
graphs. In [7], we already obtained the following results. Theorems 4.1 and 
4.2 determine the intersection numbers with respect to multifamilies of 3- and 
4-regular graphs. For two disjoint subsets V1, Vz of V(G), the subgraph of G 
with vertex set Vi u V2 whose edge set is the set of those edges of G that have 
both ends in Vi or one end in Vi and other end in V2 is called a quasi-induced 
subgraph, and VI, V, are called the base set and the neighborhood set, respectively. 
For example, Fig. 2a is a quasi-induced subgraph of the graph shown in Fig. 2b, 
where black circles 0 (or circles 0) are vertices of the base set and double circles 
@ are vertices of the neighborhood set. Hereafter, for a quasi-induced subgraph, 
black circles 0 (or circles 0) denote vertices of the base set and double circles 
@ denote vertices of the neighborhood set. For a graph, E0 denotes the number of 
edges which contain no triangles. 
Theorem 4.1. For a connected 3-regular graph G except Kq, o,(G)= E,, + T, where Tis 
the number of triangles of G. 
Theorem 4.2. For a connected 4-regular graph G except K5 and the octahedron graph, 
w,(G)=&,+I{zIz is a triangle contained no K4] I+ 1 {cl CJ is a K4} I - 
(F,+Fb+Fd+2 x F,), where F,, . . . , Fd are the number of quasi-induced subgraphs 
isomorphic to graphs of Fig. 3a-d, respectively. 
Fig. 2. 
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(b) 
(cl (d) 
Fig. 3 
We define an invariant with respect to quasi-induced subgraphs. For a graph G, we 
define the quasi-antichain intersection number o,,(G) to be the minimal cardinality of 
S(9) for a family 9 such that 52(F) 2 G, the sets corresponding to vertices of the base 
set which are denoted by circles 0 are not contained with each other and other 
coresponding sets of vertices which are denoted by black circles 0 or double circles 
@ are permitted to be included in other sets. 
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Proposition 4.3. For a connected 3-regular graph G other than &, O,,(G)= EO + T+ F, 
where T is the number of triangles of G and F is the number of subgraphs isomorphic to 
&-e of G. 
Proof. Since G is a 3-regular graph without K4, G is a &-free regular graph. By 
Corollary 3.3, o,,(G) = o,(G) + 1 E,(G) 1. Since for each component C of (E,(G)),, 
<CUN(C))V is K,-e, IE,(G)I is F. By Theorem 4.1, o,(G)=E,+ T. So 
CO,i(G)=Eo+T+F. 0 
Combining Proposition 4.3 and Theorem 4.1 and the result from [7] mentioned at 
the end of Section 1, we can completely calculate antichain intersection numbers of 
3-regular graphs. Next we consider 4-regular graphs. 
Proposition 4.4. For a connected 4-regular graph G other than Kg, o,i(G)=o,(G) 
+ E, + 2 x E3, where E, is the number of components of ( Es(G))E which are isomorphic 
to K2 and E3 is the number of components of (E,(G)), which are isomorphic to Kj. 
Proof. For a tee 9 of G, vertices u and v with a common corresponding set on 
9 belong to V(( E,(G)),). Based on complete subgraphs of (E,(G)),, we classify the 
quasi-induced subgraphs which contain a component of (Es(G)),. Since G is not Kg, 
only the quasi-induced subgraphs of Fig. 4 are possible. The graphs in Fig. 4a-c 
contain components of (Es(G))E which are isomorphic to Kz and the graph in 
Fig. 4d contains a component of (Es(G)), which is isomorphic to K,. 
For the graphs in Fig. 4, we have quasi-antichain intersection numbers and 
intersection numbers with respect to multifamilies as follows: 
q,(G,) = 4, WAG,) = 3, 
qa(Gb) = 5, w,,(GIJ=~, 
q,(G,) = 5, o,(G,) = 3, 
qa(Gd)=4, q,,(G,)=2. 
Since each graph in Fig. 4 is a quasi-induced subgraph of G, we have 
o,i(G)=CO,(G)+ i {~,,(G,)-~,(G,)}=~,(G)+Ez+~xEJ. q 
#=a 
Theorem 4.2 gives o,(G) for any 4-regular graph G except K, and the octahedron 
graph. We can easily see that w,(octahedron) = 4 and Proposition 4.4 gives antichain 
intersection numbers of 4-regular graphs except K 5. By the result from [7] mentioned 
at the end of Section 1, we already know that co,(Kg)= 1 and mai( 5. Combining 
Proposition 4.4 with Theorem 4.2, we can describe antichain intersection numbers of 
all 4-regular graphs. 
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(b) cb 
(cl cc (d) Cd 
Fig. 4. 
Next we consider 5-regular graphs. As the situation is getting more complicated, we 
only obtain the relations between w,(G) and W,i(G). R, and S, denote the graphs 
shown in Fig. 5a, b, respectively. We can easily obtain that CO,(&) = n + 4, 
~,,(R,)=2n+5, w,(S,)=PI and w,i(S,)=2n. 
Proposition 4.5. For a Sregular graph G except K, and S,, O,i(G)= 
~,(G)+EZ-(F~+F~)+~X(E~+E~), where E,, E, and E4 are the number of compo- 
nents on Es(G) isomorphic to K,, K, and K4, respectively. Fi and F, are the number of 
quasi-induced subgraphs isomorphic to graphs in Fig. 6i and 1, respectively. 
Proof. For a tee 3! of G, vertices u and u with a common corresponding set on 
9 belong to V((E,(G)),). Based on complete subgraphs (E,(G)),, we classify the 
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n-K ‘s 
4 
(a) Rn 
I 
I 
I 
1 
1 
\ 
! 
8 
, 
, 
\ 
n-K ‘s 
4 
(b) Sn 
Fig. 5 
quasi-induced subgraphs which contain a component of (E,(G)),. Since G is not Kg, 
only the quasi-induced subgraphs of Fig. 6 are possible. The graphs in Fig. 6a-i 
contain components of (E,(G)), which are isomorphic to K2, the graphs in Fig. 6j-1 
contain a component of (E,(G)), which are isomorphic to K3 and the graph in 
Fig. 6m contains a component of ( E,(G))E which is isomorphic to K4. 
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(a) Ha (b) Hb 
(e) He (f) Hf 
(i) Hi (j) Hj 
(c) Hc (d) HdPRn(n>l) 
(g) H g (h) Hh 
(k) Hk (1) H1 
Fig. 6. 
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For the graphs in Fig. 6, quasi-antichain intersection numbers and intersection 
numbers of multifamilies are as follows: 
w#fa) = 5, 
(%p(Hb) = 7? 
w,,(ff,) = 8, 
w,,(Hd)=2n+5, 
OqaWe) = 4, 
wp(&) = 4, 
w,a(H,) = 6, 
Wc,a(Hb) = 6, 
@qatHiJx4, 
wqa(Hj)= 5, 
w,a Wd = 6, 
WJffd = 5, 
wsa(Hnl) = 4, 
%I(H,)=4, 
mm(Ht,)=6, 
%l(H,)= 7, 
w,(H,j)=n+4, 
%I(H,) = 3, 
%(Hf ) = 3, 
%lW,)=4, 
%l(Hil)=5, 
Wm(Hi)=4, 
wm(Hj)=3, 
Wn(Hk)=4, 
%IW,) = 3, 
w,(H,) = 2. 
Since each graphs in Fig. 6 is quasi-induced subgraph, we have 
a,i(G)=m,(G)+ 2 {msa(G=)-~,(G,)} 
a=a 
=o,(G)+E2-(Fi+Fi)+2 X(Ea+E4). 0 
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